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Abstract 

We present some a - priori bounds from above and from below for solutions to 
a class of conformally invariant Schrodinger equations. As a by - product we 
deduce some new uniqueness results. 



1. Introduction 

The main aim of this paper is to extend a previous resuh proved in [12] about 
the local smoothing for the free Schrodinger equation, to a more general class of 
Schrodinger equations (linear and semilinear) that are invariant under the conformal 
transformation. 

More precisely we shall consider the following Cauchy problems: 

(1.1) idtu - Au + \x\-^W (^-^^ u 0, 

u{0) = f, (t, x) e R X R", n > 3, 

where W : S"^^ ^ R is a non - negative, bounded and measurable function (see 
also remark 1.4) and 

(1.2) i^t-u- Am±u|u|" =0, 
u(0) = /, {t, x) e R X R", n > 3. 

The main property shared by the Cauchy problems (1.1) and (1.2) is that both 
are invariant under the conformal transformation. Let us recall that the conformal 
transformation is the map 

u{t, x) — > u{t, x), 

defined as follows: 

(1.3) u{t, x) = -ire-^u (-,-\ {t, x) e (0, c3o) x R". 

t2 \t t J 

This transformation has been extensively used in the literature in connection 
with the Schrodinger equation (for more details see [4] and the bibliography therein). 
In fact an explicit computation shows that if u(i, x) satisfies (1.1) and u{t, x) is de- 
fined as in (1.3), then 

(1.4) idtu + Au-\x\-'^W ( ^Au^Q, 

V \x\ / 
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= e'— u(l), (t, x) e (0, oo) X R", n > 3. 
Similarly if u{t,x) satisfies (1.2), then the corresponding u{t,x) satisfies: 

(1.5) idtii + Aii^ u\u\^ = 0, 

u(l) = e'T^u(l), {t, x) e (0, oc.) X R", n > 3. 

As it has been mentioned above this article is mainly devoted to study the local 
smoothing for the solutions to the Cauchy problems (1.1) cand (1.2), sec [7], [9], 
[11]. More precisely we shall present some estimates, from above and from below, 
related with the phenomena of gain of 5 - derivative for the solution to (1.1) and 
(1-2). 

Lot us recall also that in the free case (i.e. the linear Schrodinger equation with 
constant coefficient) these estimates have been already proved in [12]. We were 
motivated by the results of Agmon and Hormander in [1]. As it will be clear in the 
sequel the results that we shall prove will allow us to deduce some new uniqueness 
criteria for solutions to the Cauchy problems (1.1) and (1.2). 

The first result that we shall present concerns the Cauchy problem (1.1). 

Theorem 1.1. Assume that W : R" ^ R is bounded, measurable and non - 
negative and let u be the unique solution to (1.1) with initial data f G i?2(R"), 
then the following a priori estimate is satisfied: 

(1.6) c||/f. 1 < sup 4 / / l^^xuf dxdt < Cjj/f. 1 

where c, C > are suitable constants. 

Remark 1.1. As it will be clear in the sequel, the proof of (1.6) will be done by a 
density argument. Hence we can assume that the initial data / is regular enough 
in order to guarantee the existence and the uniquess of solution to (1.1). 

Remark 1.2. Let us point - out that the r.h.s. estimate in (1.6) has been proved 
already in the paper [2]. Then our main contribution is the l.h.s. estimate in 
(1.6). Let us recall also that in [12] the estimate (1.6) has been proved for the free 
Schrodinger equation, i.e. (1.1) with W = 0. 

In fact the l.h.s. in (1.6) will follow from the following 

Theorem 1.2. Let W, u and f as in theorem 1.1. Then there exists a constant 
c > such that 



(1.7) liminf^ / / dxdt> c\\ff. , yf&H^iW). 

Therefore if 

liminf^ / / \V xu\^ dxdt = 



then u = 0. 



Remark 1.3. Let us recall that the Cauchy problem (1.1) has been investigated in 
[3] from the point of view of Strichartz estimates, while in [2] it has been studied 
in connection with the local smoothing phenomena. 
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Remark 1.4. The non - negativity assumption done on W in theorems 1.1 and 1.2 
could be relaxed by assuming a smaUness condition on its negative part. However 
for simplicity we assume W > in order to avoid technical difficulties and to make 
more transparent the idea of the proof. 

As a by - product of the techniques involved in the proof of the previous theorems, 
we can get another uniqueness result for solutions to (1.1). As far as we know the 
content of next result it is not explicitely written elsewhere also in the case of the 
free Schrodinger equation. 

Theorem 1.3. Let u satisfies (1.1), with > and hounded and f e iy^(R"). // 
you assume that 



liminf - / |a;| |u(f, a;)|^rfa; = 0, 

t^oo t Jji„ 



then u = 0. 



Next wc shall present the corresponding version of the previous theorems for the 

solutions to (1.2). 

Theorem 1.4. Let > be a small parameter such that (1.2) has a unique global 
solution u e C(R;iJi(R") n L^+i{R x R"), for any f such that ||/||l2(r„) < eo. 
There exists < e < cq such that if u is the unique solution to (1.2) with initial 
data f that satisfies ||/||i:,2(nn) < e and moreover 

f eH\W) and [ \x\^\f{x)fdx<oo, 

then the following estimate holds: 

(1-8) c\\ff. 1 < sup 4 / / dxdt 

i/2(Rn) R>RoRJo J\x\<R 

where c, C > are universal constants independent of f and Rq > 0. Moreover we 
have the following chain of inequalities: 



(1.9) c||/|p. 1 < liminf 4 / / IVM'^ dxdt 

<limsup4/ / dxdt<C\\ff..^ 

R^oo njo J\x\<R H2(H.' 



'\x\<R 

Remark 1.5. Let us point - out that the statement of theorem 1.4 contains a global 
existence result for the Cauchy problem (1.2) under a smallness assumption on the 
initial data / in L^(R"). Let us recall that this fact has been proved in [5], [6] and 
[10]. Hence our main contribution concerning the Cauchy problem (1.2) are the 
estimates (1.8) and (1.9). 

We shall prove also the following nonlinear version of theorem 1.3. 

Theorem 1.5. Let u be the unique global solution to (1.2) with ||/||z,2(iin) < eo, 
where eo > is small enough. Assume moreover that 



liminf - / \x\\u{t,x)\'^dx = 0, 

t^OO t Jjln 
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then u = 0. 

Along the proof of theorem 1.4 (in particular in the proof of the l.h.s. estimate 
in (1.9)) we shall need some intermediate results that in our opinion have their own 
interest. One of them will be stated in next theorem. 

Theorem 1.6. Let tp G C^(R") be a radially symmetric function such that the 
following limit exists: 

(1.10) lim di^iij{x) = Jp'{oo) G [0,oo), 
and moreover 

dixiHx) > Vx e R". 
Assume that u and f are as in theorem 1.4, then the following estimate holds: 

(1.11) limsup(-J'm, / u{t)Vu{t) ■ Vtp{x) dx] > ;^V'(oo) / |a;||fif(a;)p dx, 

where g is a suitable function that depends on f but does not depend on tp. Moreover 
the following inequality is satisfied: 

(1-12) \\f\\l^^^^^<C j^JxMxr dx, 

where C > is suitable constant that does not depend on f. 

Remark 1.6. Looking at the proof of theorem 1.6 it will be clear that the smallness 
assumption done on the initial condition / in L^(R") will be relevant in order to 
prove (1.12). However in the defocusing case (i.e. (1.2) with the sign plus), the 
existence of the function g, the validity of (1.11) and theorem 1.5 can be proved 
without any smallness assumption on / and just assuming / e _ff^(R"). 

Remark 1.7. In the proof of theorems 1.1 and 1.2 we shall need a result similar to 
theorem 1.6 concerning the solutions to (1.1) (see proposition 3.1). However the 
proof of theorem 1.6 (and in particular the proof of (1.12)) is much more involved 
due to the nonlinear nature of the operator f g given in the statement of theorem 
1.6. 

Next we shall fix some notations that will be used in the sequel. 

Notations. For any s e R we shall denote by and the homogeneous and 
non - homogeneous Sobolev spaces in R" of order s. 

For any > we shall denote by Bji the unit ball in R" centered in the origin. 
For any 1 < p,q < oo 

LI and L^Ll 

denote the Banach spaces 

Lf(R") and ^^(R; L«(R")). 

We shall also write 

Let X be a general Banach spaces, then Ct{X) is the space of continuous functions 
defined in R and valued in X. 
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Given any non - negative and measurable function w : R" — ^ R+ we shall denote 
by the Hilbert space whose norm is defined as follows: 



fWh = / \fix)\Mx)dx. 



Given a space - time dependent function 'w{t, x) we shall denote by w(to) the 
trace of w at fixed time t = to, in case that it is well - defined. 

We shall denote by / ... dx, J ... dt and / / ... dxdt the integral of suitable func- 
tions with respect to the full space, time and space - time variables respectively. 

When it is not better specified we shall denote by Wv the gradient of any time 
- dependent function v{t,x) with respect to the space variables. Moreover Vr and 
shall denote respectively the tangential gradient and the radial derivative. 

If '0 G C^(R"), then D^ip will represent the hessian matrix of ip. 

2. The conformal conservation law 

In order to simplify the proof of our results it will be useful in some cases to 
work directly with the following general class of Cauchy problems: 



(2.1) idtu- Au + \x\-^W \^—ju±Xu\u\n =0, 

u{0) = f,X>0,{t,x) eRxR" 

and 

(2.2) idtu + Au- \x\-^W (j^^ u T Xu\u\^ = 0, 

w(0) = /,A > 0, {t,x) e Rx R". 
The following result can be found in [4]. 

Proposition 2.1. Let u e Ct{Hl) satisfies (2.1) with W >0 and f e H^n L^^p, 
then: 

(2.3) I (\Vu{t)f + \xrw \u{t)f ± -^\u{t)r^^ dx 

= J {\^m\' + \xrw(^^^ |/(^)|2±_^|/(^)|2+^^rf^VteR; 

(2.4) j \u{t)fdx = j |/(a;)pda; VieR; 



(2.5) \\xu{t) - 2iiVM(t)||i2 + j \x\-'^W \u{t)\^dx 

±^ [\u{t)f+Ux = \\f\\l. ^yteR. 

Notice that if we choose in a suitable way the parameter A and the potential W 
in (2.1), then we can deduce from the previous proposition the following corollary. 
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Corollary 2.1. Assume that u G Ct{Hl) solves (1.1) with W >Q and f G H];. O 
-2 



L? .2, then: 



(2.6) \\xu{t) - 2itVu{t)\\l2 + 4f2 J \x\-^W (j^^ \u{t)\^dx = \/t e R. 
7/u e Ct(iJ^) solves (1.2) wzi/i f G H]^ f] Lf^^2, then: 

(2.7) ||a;n(i) - 2Wn(i)||i. ± ^ / |«(t)|'+^rfa; = Vi e R. 

The following proposition is similar to proposition 2.1 except that it concerns 
the solutions to (2.2). 

Proposition 2.2. Assume that u G Ct{H]^) satisfies (2.2) where f G L'^d L'^^^2, 
then the following identities are satisfied: 

(2.8) j \u{t)fdx = j \f{x)\^dx Wt e R; 

(2.9) \\xu{t) + 2itVu{t)\\l2 + j \x\-^W (^-^^ \u{t)fdx 

±?T? / \u{t)\'+Ux = \\f\\l2 ^yte-R. 

Notice that as a by - product of proposition 2.2 (where we choose W = and 
A = 0) we get the following 

Corollary 2.2. Assume that 

idfU + Au = 0, 

"(0) = / e J^f.i 

then 

||e-'^^t)||% <l||/||i. WG(0,oo). 

Proof. By using (2.9), where we choose W = Q and A = 0, we get: 

4t2||e-'^«(t)||^, =4i2||V(e-'^«(i))||i. = ^. 

On the other hand the conservation of the charge (see (2.8)) implies 

\\e-''^u{t)\\l2=\\u{t)U.=\\f\\l2. 
The result follows by interpolation. 

□ 
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3. On the asymptotic behaviour of solutions to (1.1) 
and proof of theorem 1.3 

The main result of this section is the following 

Proposition 3.1. Let ip G C^(R") be a radially symmetric function such that the 
following limit exists: 

(3.1) lim dMtp = V''(oo) € [0,C!o), 
and moreover 

(3.2) ^i^iV' > Va; e R". 

Let u e Ct{Hl) he the unique global solution to (1.1), where W is bounded and non 
- negative and f G H]^ f] i^^p, then 

(3.3) liminf ^-Jm J u{t)Vu{t) ■ Vi/j dxj > ^V'(oo) J \x\\g{x)\'^dx, 

where g is a suitable function that depends on f but does not depend on ip. Moreover 
the following estimate holds: 



(3.4) 



1% <^ / \xMx)fdx. 



Proof. Let us notice that (2.6) impHes the following identity: 



(3.5) 



-u{t) - 2\S7u{t) 



\j\x\-^w(^^ 



W[^]\u{t)\Hx=^\ 



llz,2 



that, due to the non - negativity assumption done on W, implies: 



(3.6) 



lim 

t—*oo 



-u{t) - 2iVu{t) 



0. 



We split now the proof in two parts. 

Construction of g and proof of (3.4) 



Let us recall that if u satisfies (1.1), then its conformal transformation 

, 1 ih£l^ /I .X 

u[t, x) = —e « u \ -.— 

^ if \t t 

satisfies the Cauchy problem (1.4). In particular 

(3.7) u(l)=e^M(l) 
and hence 

\\u{i)hi = ||n(i)|U. = ii/iUj, 

where we have used the conservation of the charge for the unique solution to (1.1) 
(see (2.4)). As a consequence u{t,x) satisfies the following Cauchy problem 

(3.8) idtu + Au - \x\-^W (j^^ u = 0, 

u{l)€Ll,{t,x) e (0,oo) X R". 
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Due to the global well - posedness (in the sense) of the previous Cauchy 
problem, we deduce that u can be extended as a solution to the same Cauchy 
problem in the functional space Ct{L'^). In particular it is well defined a function 
g & such that the following limit exists in L^: 

(3.9) lim u{t, x) = g € Ll. 



Due to (3.9) we can deduce that 



and in particular 
(3.10) 



lim 



lim 



lim 

t — >oo 



U\ -,X 



'g{tx) 



t2 



1 X 

u \ -,— 
t t 



9i.x) 



Ll 

= 0, 



1 -i^ 

u{t) - -^e ' « 5 

t 2 



(f) 



0. 



Ll 



On the other hand (3.8) and (3.9) imply that u satisfies 



it = 



fi(O) = g 

that in turn, due to (2.9) (where we choose A = and t = 1), implies 



\\xu{l) + 2iVu(l)||i2 +4 J \x\-^W (j^^ \u{l)\''dx = \\g\ 



Notice that this identity is equivalent to 
4||V(e-'^«(l))||i. 
that due to (3.7) gives: 
(3.11) 



'-W[-]\e-^^u{l)\'dx = \\g\\ 



A\\Vu{l)\\l.^+Aj\x\-^W 



\u{l)\Hx = \\g\\l, 



By combining this identity with (2.3) (where we choose A = 0) and with the non 
negativity assumption done on W we get: 



(3.12) 



4||V/||ij<4||V/||i.+4 



'■w 



\f{x)\-'dx 



4|| Vn(l)|||j + 4 j \x\-^W \u{l)\^dx = \\g\\l.^ 



Notice also that the following estimate follows easily from the conservation of 
the charge (see (2.4) and (2.8)): 

(3.13) ll/lli. = ll"(i)lli2 -Il^(i)lli2 = ll,9lli2. 

Then (3.4) follows by making interpolation between (3.12) and (3.13). 



Proof of (3.3) 
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Due to (3.6) we can deduce that 
(3.14) 
and then 
(3.15) 



lim 



j u{t)Vu{t)-Vip dx+^ j \x\\u{t)\'^d\^iilj dx 
Uminf ^-Jm J u{t)Vu{t) ■ Vtpd 



= 



— hm inf 

2 t — *oo 



NKi)l%i^-. 



Next we fix a real number R > and we notice that due to the non - negativity 
assumption done on d\x\'>P (see (3.2)) we get: 

dx 
T 



(3.16) [ \x\\u{t)fd\,\i; ^ > [ |a;|Ki)|%|V 

J f J\x\<m 



\x\<Rt 



x\ \u{t)\' 



(f) 



dx 
T 



l\x\<Rt 

+V''(oo) 



2 dx 



(f) 



dx 

Vi?>0, 



'\x\<Rt 

where g is the function constructed in the previous step. 
Notice that the following estimate is trivial: 

L„M(l»<"l'-^k(f)l>i-'*T 



l\x\ 

< mdixii'WL 



\x\<Rt 



\u{t)\' 



(f) 



where at the last step wc have used (3.10). 

Moreover the change of variable formula implies: 



\x\ 

< 



[ M((a|.|V-^'(oo)) 9(j) 

J\x\<Rt ^t'' 

R / \d\x\i'{tx) - V''(oo)| \9{x)\'^dx, 

J\x\<R 



dx ^ Q as, t ^ CO, 



2 dx 



l\x\<R 

that in conjunction with the dominated convergence theorem and with assumption 
(3.1) implies: 

(3.18) lim / \x\ ((a,,! V - V'(oo)) 5 (7) ' 

*^°°J\x\<Rt ^ 

Due again to the change of variable formula we get 

2 dx 



Vi? > 0. 



'\x\<Rt 



^'(00) / 

and in particular 
(3.19) lim V'(oo) / 



(!) 



lp' {00) 



\x\\g{x)\^dx, 



\x\<R 



\x\<Rt 
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By combining (3. 17), (3. 18), (3.19) and (3.16) we can deduce that 

dx 



(3.20) 



liminf / |a;||u(f)P(?|a,|V'(a 

t^oo J 



t 



> V''(oo) 



\x\\gix)\'^dx\/R>0. 



x\<n. 



Since i? > is arbitrary, we can combine (3.15) with (3.20) in order to deduce 
(3.3). 

□ 

Proof of theorem 1.3 Let g be the function constructed in proposition 3.1. Look- 
ing at the proof of (3.20) it is easy to deduce with a similar argument the foUowing 
estimate: 



(3.21) 



t — >oo 

In fact we have: 



hminf / |x||u(t)| 



, dx 



> 



\x\\g{x)\'^dxyR>0. 



\x\<R 



(3.22) 



\x\<m 



\x\\u{t)\'^ 



dx 
T 



-i 



\x\<Rt 



\u{t)\' 



fx\ 2"! dx f 

»(<)! T + i. 



\x\<Rt 



(f) 



2 dx 



WR > 0. 



Notice that the following estimate is trivial: 



(3.23) 



\x\<Rt 



x\{\u{t)\^- 



1 



< R 



\x\<Rt 



\u{t)f- 



(!) 



dx 

T 



rfa; — > as t ^ DO, 



where at the last step we have used (3.10). 
On the other hand we have: 

(Df 



(3.24) 



\x\<Rt 
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\x\<R 



\x\\g{x)fdx. 



and then (3.21) follows by combining (3.22), (3.23), (3.24). 
In particular if 



liminf / |a;| 



u{t)\- 



,dx 
T 



0, 



then (3.21) implies g = 0, that in turn due to (3.10) gives limt^oo ||w(t)||i,2 = 0. 
By combining this fact with the conservation of the charge (2.4), we get / = 0, and 
hence u = 0. 

□ 



4. Proof of theorems 1.1 and 1.2 

In the first part of this section we recall the approach used in [2] in order to 
deduce the local smoothing estimate (i.e. the r.h.s. in (1.6)) for the solutions to 
(1.1). The main idea is to multiply (1.1) by the quantity 

(4.1) Vu-Vip+^u Alp, 
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and to integrate on the strip (0, T) x R". For the moment ip : R" ^ R is a general 
function to which we require only minimal regularity assumptions in order to justiiy 
the integration by parts. 

The approach described above allows you to deduce the following family of iden- 
tities: 

f-T 



(4.2) 



VuD'^tpVu - ^|m|^A^V' + \u\^\x\ 



dxdt 



= A^m j u{T)Vu{T) ■Vtpdx + ^Im j /Vf-Vt/j dx, 



(for more details on this computation sec [2] and [12]). 
The following propositions will be relevant in the sequel. 

Proposition 4.1. Let ip E C^(R") be a radially symmetric function such that: 

|9|,|V^|,|.t||92^.|^| <C<^ V-TGR", 

where C > is a suitable constant. Then there exists C > 0, that depends only on 
C and such that: 

(4.3) 



g{x)Vg{x) • dx 



<C'\\gr,ygeHl 



Hi 



In particular if u e Ct{Hl.) is the unique solution to the Cauchy problem (1.1) where 
W >Q and bounded and f G H^, then: 



(4.4) 



j u{t)Vu{t) 



Vtp dx 



<C'||/|p , Vf€R. 



Hi 



Proof. The proof of (4.3) can be found in [2]. In order to prove (4.4) let us notice 
that if we choose g{x) = u{t) in (4.3) then the inequality becomes 



(4.5) 



j u{t)Vu{t) 



Vip dx 



<C'\\u{t)\\\,. 



On the other hand due to (2.3) and by recalling the non - negativity assumption 
done on W we get: 



< m\. + wwl^ j \xnf{x)\'dx < cm 

where we have used the classical Hardy inequality at the last step. 
By making interpolation between this inequality and 



2 

HI' 



\Ht)\\% = ml. 

that follows from (2.4), we deduce 

IKt)ILi < c^ll/ILi VieR. 

Hx tlx 

By combining this last inequality with (4.5) we get (4.4). 



□ 



Corollary 4.1. Assume that u G Ct{Hl.) solves (1.1) with W >Q and bounded and 
f &Hl, then 

l„|2 



(4.6) 



\x\<l 



dxdt < 00. 
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Proof. Let us notice that if we choose in (4.2) the function to be equal to the 
function (f) given in proposition 7.1 (see the Appendix) then we get the following 
inequality: 



(4.7) / / H'lxl-'Wl— di,i<l>dxdt<C\\fr,^ 

J J\x\<l \\X\J Hi 

where we have used also (4.4). 

On the other hand by the Taylor formula and by using the properties of ^ we 
get 

9|,|,^(N) = 92^l</)(0)|x|+0(|a;|2). 
By combining this identity with (4.7) we get 

(4.8) d^^m [ [ \uf\x\-'w(^)dxdt 

J J\x\<l \\-^\/ 

< C\\ff 1 + C I I \u\''\x\-^W (^] dxdt. 

Hi J J\x\<i \mJ 

On the other hand the Holder inequality implies: 

(«) /j^^^j.nxr'r(^)<ix.* 

<l|l»'lli-ll»IP J54ll|x|-'lll5(|,|<i)<'» 

where we have used in the last step the fact that Strichartz estimates are satisfied 
by the solutions to (1.1) (sec [3]). 

Since 5j^j.|^(0) > by construction, we can combine (4.8) with (4.9) in order to 
get the desired result. 

□ 



Remark 4.1. Notice that following [2] it is possible to show that 

dxdt < 00 



IL 



\u\' 

\x\<l 



for any e > and for any u that satisfies (1.1). However in order to make this 
paper self - contained we have presented a simplified argument to prove corollary 
4.1 that is enough for our purpose. 

Next proposition follows by combining proposition 3.1 with (4.2). 

Proposition 4.2. Assume that tjj satisfies the same assumptions as in proposition 
3.1 and u satisfies (1.1) with W >Q and hounded and f G H]. n L'^x\'^- Then the 
following estimate holds: 



(4.10) 



dxdt 



JV''(oo)||/||^i + \lm j Jyf- Vi> dx. 
We shall need also the following 



> 
- 4 
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Lemma 4.1. Assume that u G Ct{Hl.) satisfies (1.1) with f £ and W > and 
bounded, then: 



(4.11) 



^lim / / \uf\A'^(j)R\ dxdt = 0, 



lim 

R^oo 



(4.12) 

where (j) £ C*(R") is a radially symmetric function such that 



^W(^]\d^,^c^n\dxdt = 



\d\,\<l>\<C,\A''<i>\ 



< 



C 



and (j)R = R(j) (-1). 
Proof. 

Proof of (4.11) 



{l + \x\f 



Va;eR" 



Notice that the Holder inequality implies 



wp|A^^fl| dxdt < 



|u(i)|'»-2 dx 
1 



dt 



lAVfll^ dx 



{R^\x\r 



dx 



as i? — > cxD, 



where we have used the estimate ||it|| jm>^ < oo (whose proof can be found in [3]). 



Proof of (4.12) 



By using the Holder inequality we get: 

|2 



(4.13) 



ni^f^ ) |ai,j<^fl| dxdt 
\x\>i \W ' 



Notice also that 



( / luit)]-^ dx)^ dt 



\x\>l 



'\x\>l 

Ixl'^^ldi^lcliRl^dx 



\x\ '2" |i9|^|(/)fl|Sda; 



/ \x\ \d^^^(j,j^\2 dx + / |a;| ''^ \dir,\<pR\'^ dx 

Jl<\x\<R J\x\>R 

<i/ j^dx + C I 

Jl<\x\<R FI ^1x1: 



\x\ 2 dx 



'|a:|>-R 



where we have used 



R 
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By combining this estimate with (4.13) and recaUing that 



< oo, we 



get 



\x\>l 



\d\x\'l>R\ dxdt 



as i? ^ oo . 



Next wc treat the integral in the cylinder {|a;| < 1} x R. We use the Taylor 
formula as above and we get: 



9\x\(pi.\x\) = 0{\x\) as |x| 



and then 



< 



C 
R 



x\<i 

2 



x\<l 



U 



dxdt 







dxdt 



as i? — > oo, 



where at the last step we have used (4.6). 

We are now able to prove theorems 1.1 and 1.2. 



□ 



Proof of theorems 1.1 and 1.2. 

Due to a density argument it is sufficient to prove the theorems for / € if^flL^^p. 
Next we split the proof in two steps. 
Proof of r.h.s. in (1.6) 

It is sufficient to replace in (4.2) the generic function ip with the family of rcscalod 
functions R<p (■^) , where (/> is a function that satisfies proposition 7.1 and by esti- 
mating the r.h.s. in (4.2) by using (4.4). 

Let us point - out that the l.h.s. in (1.6) follows from theorem 1.2. 

Proof of theorem 1.2 



First of all let us notice that if we choose in the identity (4.2) the function il> to 
be equal to the function given in proposition 7.1, then it is not difficult to verify 
that ^ 

^^^"^ dx < oo, 

l\x\>l \x\ 

provided that / G H]. , and in particular 



/ 

J\x 



(4.14) lim / 



dx = 0. 



Let us fix a function h{r) G Co°(R; [0, 1]) such that: 

h{r) = 1 Vr e R s.t. |r| < 1, h{r) = Vr e R s.t. \r\ > 2, 
h{r) = h{-r) Vr € R. 
We introduce also the functions (j),H G C°°(R): 



pr pr 

= / (r — s)h{s)ds and H{r) = / h{s)ds, 
Jo Jo 
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(since now on in tlie proof the function (j) will be the one defined above and not the 
one given in proposition 7.1). Notice that 

(4.15) (t)"{r) = /i(r), 0'(r) = H{r) Vr e R and lim di^Mr) = / h{s)ds. 
Moreover an elementary computation shows that: 



(4.16) 



C 



Vx e R" s.t. \x\ > 2, 



where is the bilaplacian operator. 

Thus the function (f) defined above satisfies the assumptions of lemma 4.1. Notice 
also that the assumptions in proposition 3.1 are satisfied by (j). 

In the sequel we shall need the rescaled functions 



Va; e R" and > 0, 



(where (j) is the function defined above) and we shall exploit the following elementary 
identity: 



(4.17) 



where V' is any regular radial function and u is another regular function. 

By combining this identity with (4.2) and with proposition 4.2, where we choose 
ij) = and recalling (4.15) we get: 



(4.18) 



9|x|^fl|^|x|W| + 



1 

> - 

- 4 



h{s)ds II /j 



1 



dxdt 



X \ 



-Im / / V/ • V(/) - Vi? > 0. 



By using now (4.11) and (4.12) we get 



lim / / 



--mi)|2AVii+ 



RJ 



dxdt = 0. 



On the other hand since ^ is a radially symmetric function we have 

lim V0(a;) = 0, 

X— ►O 

that due to the dominated convergence theorem implies 

lim//V/.V^(|)da: = 0. 
By combining these facts with (4.18) we get 



(4.19) 



lim inf 

R^oo 



9fx\(l>R\9\x\u\^ + 



> 



h{s)ds 



\x\<PR 



Vrur dxdt 
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On the other hand by using the cut - off properties of h, (4.14) and noticing that 
d\x\(l> = 0(|a;|) as \x\ — > 0, we get: 

(4.20) Uminf^ / / Qdi^iul'^ + \S/ ru\^) dxdt 

R^oo RJ^ Jjj^^ 

>hminf^ j + ^l^^|Vrw|2^ 

where we have used (4.19) at the last step. The proof is complete. 

□ 

5. On the ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO CRITICAL NLS 
AND PROOF OF THEOREMS 1.5, 1.6 

The main aim of this section is to prove theorem 1.6 that represents the nonlinear 
version of proposition 3.1. 

First of all let us recall a precise statement about the global existence result to 
(1.2) with small initial data. 

Theorem 5.1. There exists eo > such that for any f G with < eo; the 

Cauchy problem (1.2) has an unique global solution 

uGCt{Ll)nLl^J. 
Moreover there exists a function 

(0, eo) 9 e ^ R{e) G R+ 

such that: 

(1) lime^o R{e) = 

(2) i/||/||i,2 < e then then unique solution to (1.2) satisfies \\u\\ 2+4 < R{e). 
If moreover we assume f G H]., then u G Ct{Hl). 

Remark 5.1. Notice that theorem 5.1 provides a global existence result for small 

2+ — 

initial data, and also the arbitrary smallncss of the L.^ ^" - norm of the solutions, 
provided that the initial data are small enough. Let us recall that in the defocusing 
case it is sufficient to assume f G H^to have a global solution and no extra smallness 
assumption is needed. 

In the sequel we shall make extensively use of the following inequality: 

(5.1) \\\D\^u\un\\L.<C\\\D\^u\\LrJu\\ls. 

where C = C{s,q,p,r,s) > 0, < s < 1, 1 < p, r, s < 00 and 

1 _ 1 1 
p r s 

We shall also make use of the classical Strichartz inequalities that we mention 
below for completeness (for a proof see [8]). 

Assume that u solves the following Schrodinger equation with forcing term: 

idtu ±Au = F{t, x) 

u{0) = f, {t,x) e Rt X R^,n > 3 
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then the foUowing a - priori estimates are satisfied: 

ML^,Li<c{\\fhl + \\F\\^,.^,.j, 

where 

2 n 2 n n 

- + - = - + - = o , 2 < < oo, 

p q p q 2 

1111- 
- + - = ^ + - = 1, 
P P Q Q 

and C = C{p, q,p, q) > 0. 

Next we shall prove some preliminary propositions that will be useful along the 
proof of theorem 1.6. 

2+ — 

Proposition 5.1. Let v e Ct{Hl) n i^^" be the unique solution to 

idtv + Av =F v\v\^ = 0, 
^;(0) = g 

where g £ L^^^ n and \\g\\Li < with e > small enough. Then the following 
estimate holds: 

(5.2) \\e-''-^v{l)\\ ^<C\\gh. 

Tlx ' ' 

Proof. Let us introduce the function 

*/^ \ 1 -i^ ( X I 
v*{t,x) = -^e ' « w -,- 

12 \t t 

It is easy to verify that v* satisfies: 

(5.3) idtv* - Av* ±v*\v*\^ =Q, 

t;*(l) = e-'^v(l) 

and then 

(5.4) idt{\D\'v*) - A{\D\'v*) ± \DWv*\v*\^) = 0, 

{\D\^v*){l) = \D\%e-'^vil)). 
Hence satisfies the free Schrodinger equation with forcing term given by 

T\D\'{v*\v*\t:). 

We can then apply Strichartz estimates for a suitable choice of the parameters 
p, q,p, q in order to get: 



<c(\\\D\^v*{\)U.+\\\D\^v*\\ 

where at the last step we have used (5.1). On the other hand 2+i. is small 

(this fact follows from the smallness of v that in turn follows from the smallness 
assumption done on g, see remark 5.1) and then we get from the previous estimate 
the following one: 

(5.5) \\\DYv*\\ ^ <C\\\DYv*{l)U.. 
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1 =10=1^ 




X 


= — e « w 


{\ 










1 / 






= — e « z 




f) 


\ 


t' 





Let us introduce now the functions w{t,x) and z(f, x) defined as the unique 
solutions to: 

(5.6) idtz + A^; = 0, 

z{0) = g 

and 

(5.7) idtw + Aw T v\v\^ = 0, 

w{0) = 0. 

It is clear that the following identity holds: 

(5.8) z + w = V. 
Along with z and w we introduce also 



and 



Notice that due to (5.8) we have also 

(5.9) v* = z*+w*. 

Next we shall estimate separately z and w. 
Estimate for z 

Since z is defined by (5.6), we can apply corollary 2.2 for t = 1, in order to 
deduce 

(5.10) \\\D\h*{l)h^^ = \\\D\'^[e-'^z{l)]h. < ^IISIU^^,- 

Estimate for w 

Let us notice that the following identity trivially holds: 



[t)\\L2 = 



W 



LI 



On the other hand (by definition) w{0) = and then due to the previous identity 
we get 

(5.11) lim \\w*{t)\\Li = 0. 
Moreover the function w* satisfies: 

(5.12) idtw* - Aw* =Tv*\v*\^, 

w*{l) = e-'^w{l) 

and then 

(5.13) idt{\D\w*) - A{\D\w*) = t\D\{v*\v*\^), 

\D\w*{l) = \D\{e-'^w{l)). 
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We can combine again as above the Strichartz estimates with (5.1) in order to 
deduce: 

(5.14) lllDKIUc.^. <cM||I)K(l)|U.+|||D|(t;*K|^)|| ^ 



<C\\\\D\w*{l)h. + \\\D\v*\\ ^\\v*\\%^ 

< C ^\\D\w*{l)\\j^. + \\\D\v*{l)\\j^.\\v*\\2.^^^ , 

where we have used (5.5) for s = 1 at the last step. 
In particular we have 

snp\\\D\w*it)hi<oo. 
By combining this fact with (5.11) and with the following elementary estimate: 

\\\D\^^Li<CMi4\D\<f>\\i, yct>eHi, 

we deduce that 

lim \\\D\iw*{t)Ui=0. 

t—>oo 

As a consequence of this fact and (5.12) we have that 

(5.15) idti\D\iw*) - A{\D\iw*) = T\D\i {v*\v*\^), 

{\D\iw*){oo) = 0. 

By combining again Strichartz estimates (with the initial condition at infinity) 
with (5.1) we get: 

(5.16) \\\D\iw*\\LooL2<C\\\D\i{v*\v*\^)\\^ 2„(„+2) 

where we have used (5.5) for s = ^ at the last step. 

By combining (5.9), (5.10) and (5.16) we get: 

\\\D\hv*{l)\\^. = \\\D\^z*{l)+w*{l))U. 

< C |||||Z?|^^;*(l)|Uj|K||J,^^ + IHL.^i^ , 
that due to the smallness of 2+ a implies: 

||e-^^^;(l)||^| = \\\D\^v*{l)Ui < qislUf^,- 

□ 
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Proposition 5.2. Let u G Ct{Hl) n L^^" he the unique solution to 

4 

idtu — Au ± " = 0, 
u{0) = f 

where f G H]. and ||/||l2 < e, with e > small enough. Then the following estimate 
holds: 

(5.17) 11/11.^ <C|K1)I|.^ 

where C > is a constant that does not depend on f. 
Proof. Notice that w = \D\iu satisfies: 

idtW-Aw± \D\i{u\u\n) =0 
wil) = \D\Kil), 

then we can combine Strichartz inequalities with (5.1) in order to get: 



\\w\\ ^ <c[\\\D\iu{l)\\Li + \\\D\i{u\u\^)\\ 

<c(\\\d\^u{i)\\l. + \\\d\^u\\ ^ ^IIH^IL ^) 

= c[\\\D\^u{l)U.+\\\D\^u\\ ^ ^IHIvJ- 

Due to the smallness of ||u|| 2+a (that conies from the smallness assumption 
done on /) we get 

(5.18) III^I^mII ^ -3nj=||w|| ^ ^<G\\D\^u(V)\j^i. 

By using again Strichartz estimates with a different choice of the parameters p, q 
we get 

< C' I ll|£'l^w(l)||z,2 + |||£»|5(u|m|^)|| 2„(n+2) I 

<c{\\\D\^u{1)\\l.+\\\D\^u\\ ^^\\\u\^\\^ 
that is equivalent to 

By combining this estimate with (5.18) we get 

\\\D\iuh^Ll<C\\\D\'^u{l)Ui 

and in particular 

11/11. l=|k(0)|| l<|||i?|iz^|Uc.^2 



<C\\\D\^u{l)\U.=\\u{l)\\ 



The proof is complete. 



□ 
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Proof of theorem 1.6. Let us recall that (2.7) implies the following identity: 



(5.19) 



-u{t) - 2iWu{t) 



± 



2n 



LI n + 2 



/ Ht)\ 



Since u G Ct{Hl) it is meaningful to consider the trace u{t) G for any t gR 

and since by assumption u € -^^t x " > can deduce that there exists a sequence 
tfe ^ oo such that: 

(5.20) J \u{tk)\^+^dx ^ as fc 00. 

By combining this fact with (5.19) we get: 



lim 

k — *oo 



(5.21) 

We split now the proof in two parts. 
Construction of g and proof of (1.12) 



-u{tk) - 2iVu{tk) 

tk 



0. 



LI 



Let us recall that the conformal transfomation of u{t,x): 

u(t, x) = —e u[ -,— 
^ ' ' it \t' t 

satisfies the Cauchy problem (1.5) under the initial condition 

i I a; I ^ 

u{l) = e^^u (1) 

and in particular 

(5.22) ||{t(l)|U. =||u(l)|U. = ||/iU. <e, 

where we have used the conservation of the charge for the unique solution to (1.2) 
(see (2.4)). 

Then u satisfies the following Cauchy problem 

4 

idtu + Au =F " = 0, 

m(1) e LI and \\u{1)\\lI < ^:{t,x) e (0, oo) x R". 
Due to the global well - posedness of this Cauchy problem (see theorem 5.1) we 
deduce that u can be extended as a solution to the whole space R x R". 

Moreover this c^xtension belongs to the functional space C,{Ll) n L,Z"' and m 
particular it is well defined one unique g € such that the following limit exists: 

(5.23) ]hnuit,x)=geLl. 
Hence u{t, x) satisfies the following Cauchy problem 

(5.24) idtU + AuTu\u\^ =0, 

m = g. 

Duo to (5.23) we can deduce that 



lim 

t->o 



,x \ —t^e 



'g(tx) 



Ll 



= lim 



t2 



-e « u 



1 X 



9{x) 



= 0, 



Ll 
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and in particular 
(5.25) 



lim 



1 : 1=^1^ fX\ 



= 0. 



LI 



On the other hand, since u{t,x) satisfies (5.24), we can apply (5.2) in order to 
get: 

||e-'^zi(l)f , < C / \x\\g{x)\''dx, 

Hi J 

that due to the definition of u{t, x) is equivalent to 

imi)||'.i <C [ \x\\g{x)\Hx. 
hS J 

We can then combine this estimate with (5.17) in order to get (1.12). 
Proof of (1.11) 



Due to (5.21) we can deduce that 

(5.26) ^lim (^j u{tk)Vu{tk) -Vilxlx+^j \x\\u{tk)fdi^\tp dx^ = 
and then 

(5.27) lim sup ^-Jm J u{t)Vu{t) ■ Vip dx^ 

> ^liminf / \x\\u{tk)f d\^\7p ^. 

Let us fix now a real number R > and let us notice that due to the non 
negativity assumption done on Qi^jV' we get: 

(5.28) [ \x\\u{tk)fd\,\^ ^ > [ \x\\u{tk)fd\,\^ ^ 

J Ifc J\x\<Rtk '■fe 



\x\<mk 



x 
tk 



+ 



[ |x|[(a|.|V-V'(oo)] g(^) 
J\x\<mk V'^fc/ 

+tp'{oo) 



dx 



j.n+1 



'^Tk 



dx 



'\x\<mk 

where g is the function constructed in the previous step. 
Notice that the following estimate is trivial: 



n+l 



(5.29) 



J\x\<Rt^ \ Ifc \tk/ J tk 



< 



J\x\: 



''fe 



i\x\<mk 

where in the last step we have used (5.25). 



tk 



dx as k ^ oo, 
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X \<Rtk 

< 
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^ dx 


'{id 


+n+l 



R / \d\x\i}{tkx) - i)'{oo)\ \g{x)\^dx, 

J\x\<R 



l\x\ 

that in conjunction with the dominated convergence theorem and with assumption 
(1.10) implies: 

2 



(5.30) 



lim 

k — ^oo 



\x\ [(Si^iV- - V''(oo)] 

\x\<Rtk 

Due again to the change of variable formula wc get 



dx 



t' 



rt+l 



= 0. 



x\<Rtk 



7^ = / \x\\g{x)fdx, 

h J\x\<R 



and in particular 
(5.31) lim V'(oo) / 



\x\<Rtu 



^ = V'(oo) / \x\\g{x)\^dx. 

*fe J\x\<R 



By combining (5.29), (5.30), (5.31) and (5.28) we can deduce: 

dx 
tk 



(5.32) 



lim inf 

fc— ^oo 



^ j |x||«(ife)|25|,|V' 
>V'(oo) / \x\\g{x)\'^dx^R>{). 

J\x\<R 



l\x\<_ 

Since > is arbitrary, we can combine (5.27) with (5.32), in order to deduce 
(1.11). 

□ 

Proof of theorem 1.5 The proof is similar to the one of theorem 1.3. Let g 
denotes the function constructed in theorem 1.6, then we shall show that: 



(5.33) liminf / |a;||u(i)|2— > / \x\\gix)\^dx'iR> {i. 

J t J\x\<R 

In fact we have: 

(5.34) I \x\\u{t)\'^> 



\x\<Rt 



\x\\u{trf 



-i 



\x\<Rt 



Ht)\' 



1 



2 dx 



Vi? > 0. 



Notice that the following estimate is trivial: 



(5.35) 



J\x\<Rt \ \tJ 



2\ dx 

T 



< R 



x\<Rt 



(?) 



rfa; — > as t ^ DO, 



where in the last step we have used (5.25). 
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Due again to the change of variable formula wo get 

2 dx 



(5.36) 



J x <Rt ^'^^ J X 



\x\<R 



x\\g{x)\ dx. 



Hence (5.33) follows by combining (5.34), (5.35), (5.36). 
In particular if 



lim inf 

t — >QO 



.(t)p^ = o 



then (5.33) implies g = 0, and in turn due to (5.25) it gives limt^oo ||w(OIIlj = 0. 
By combining this fact with the conservation of the charge (2.4) we get / = and 
hence u = 0. 

□ 



6. Proof of theorem 1.4 

Wc shall follow basically the strategy that has been used in the proof of theorems 
1.1 and 1.2. More precisely we multiply (1.2) by the quantity given in (4.1), we 
integrate on the strip (0, T) x R" and with elementary computations we get: 



(6.1) 



41 I ^ n + 2' 



dxdt 



= Tm 

2 



u(T)Vw(T) ■V'ip dx+ ijm 



fVf-Vip dx. 



The following lemma will be very important in order to prove the r.h.s. estimate 
in (1.8). 



2+ — 

Lemma 6.1. Assume that u € Ct{H^) (1 L^^^" solves (1.2) with f e and 
11/11^2 < e. where e > is a small number. Assume moreover that (f> satisfies the 
same assumption as in proposition 7.1, then there exists a constant C > that does 
not depend on R> and such that following estimates hold: 



(6.2) 

and 

(6.3) 



u{t)Vu{t) ■ V(I)R dx 



< C||/f. 1 e R,i?> 



//I 

i?<^(t). 



uf+^\A<PR\ dxdt<CRr 



Vi?>0, 



Hi 



where 4>r 

Proof. 

Proof of (6.2) 

The proof of (6.2) is similar to the proof of (4.4) provided that we are able to 
show the following a - priori bound: 



(6.4) 



\\u{t)\\ .<C\\f\\ . VfeR, 



where u and / are as in the statement. 

In order to prove this inequality we notice that: 

idt{\D\iu) - A(|£)|3u) = =f|£>|5(u|m| 

|D|5m(0) = |£>|5/ 
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hence by combining Strichartz estimates with (5.1), and foUowing the proof of (5.5), 
we can get the following estimate: 

(6.5) \\\D\iu\\ ^<C\\f\\ 

On the other hand by combining again Strichartz estimates with (5.1) we get: 

(6.6) \\\D\^u\\L^Li<c[\\\D\^f\\Li + \\\D\^{u\u\^\ 2^^] 



<C\\\\D\-^fU. + \\\D\-^u\\ ^MVa 



<C\\\\D\-^fU.+\\\D\-^f\\M 



where we have used (6.5) at the last step. 

Hence we can deduce (6.4) by using the boundedness of \u\ 2+a , that in turn 

comes from the smallness assumption done on /. 
Prooj of (6.3) 

Since ^ satisfies proposition 7.1, it is easy to deduce that 

(6.7) |A0|<^-^Va;eR". 

Next we shall need the following a - priori estimates: 

(6.8) \\u\\ ^<C\\f\\Ll 

and 

(6.9) H^^^|<qi/iy. 

Notice that (6.9) is equivalent to (6.4), then we shall show (6.8). 
Since u solves (1.2) we are in position to apply the Strichartz estimates in order 
to deduce: 

\\u\\ „ ^<c{\\f\\Li + \\u\u\^\\ 



2n + 4 



<c(|i/|U. + IHI ^IIH^II ^ 

= c\\\n\Li + \\u\\ ^ ^ihivaV 

that due to the smallness of " 4 (that depends as usual on the smallness 

assumption done on /) implies (6.8). 

The Holder inequality implies the following chain of estimates: 



(6.10) y y i«i^+^iA0«i dxdt =W \ |a<^ (I) 



dxdt 
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< 



R 



dx 



1 

< — 

- R 



-HI) 



where 



n2-2 _e{n-l) ^{l-e){n-2) 



2n{n + 2) 2n 



2n 



or equivalently 9 = 



Then the previous estimate becomes 

J J \uf+^\Acj)R\ dxdt 



< 



< 



1% 



da; \\u{t)\\-' 



\u{t)r ^, 



. l_ 2n 

Hi — > Lx 



that due to the Sobolev embedding 

(6.11) 
imphes: 

(6.12) j j |uP+^|A(/)k| dxdt 



Notice that due to (6.7) we get 



dx \\ui 



„2 < CR- 



(f— 

V + k 



1^ .du{t)r ^. 



dx\ VR > 0. 



LJ \J (^ -\- |a;|)T- J 

By combining now this estimate with (6.8), (6.9), and (6.12) we deduce that 

(6.13) 



< CR-r 



J J \u\'^+^\A^r\ dxdt 



\^.Mh<cR^-'^W., vi?>o. 

Hi ' Hi 



We shall need also the following 

2+ — 

Lemma 6.2. Let u S Ct(L^) flLj ^"66 the unique solution to (1.2) where 
€, with e > small, then: 



(6.14) 



^lim j j |u|^|AVfl| dxdt = 
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and 
(6.15) 



^lim J J \u\'^+^\A(j)R\ dxdt = 0, 



where (j) e C°°(R") is a radially symmetric function such that 
|a|.|<A|<C,|AV|<^3-^Va.eR" 

and (l)R = R(j) 
Proof. 

Proof of (6.14) 



Let us notice that since u solves (1.2) we can apply Strichartz estimates in order 
to get: 



(6.16) 



2(n + 2) 



C\\\f\\Li + \\u 



< 00. 



On the other hand the Holder inequality implies: 



2iA2(^j{(a;)| dxdt < 



< CWuP 



dx 1 dt 

1 



— dx \ ^ as i? ^ oo, 



where we have used in the last step the fact that _2r, < oo that comes from 

(6.16). 

Proof of (6.15) 



By using the Holder inequality we get: 

J J \uf+"\A(f>i{\ dxdt< ||A<?!)ii||i:,oo j j \uf+^ dxdt 

= 4l|A<^|k~||u||'t+"4 ^ as i? ^ oo. 



Proof of theorem 1.4 



□ 



Let us first prove the estimate 



(6.17) 



sup 

R>Ro 



IVwP dxdt 



|x|<fl 
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<C 11/11% +^^11/11^1 Vi?o>0. 



Notice that (6.1) implies: 

r 





dxdt = 



1 /i-r^A^^-^* 

-^Jm j u{T)Vu{T) ■Vi)dx + ^Im j fVf-Vip dx. 

If we choose in the previous identity ?A — {%) (with R > Rq) where (j) is as 
in proposition 7.1, and if we recall (6. 2), (6. 3), then we can deduce (6.17). Notice 
that (6.17) trivially implies 



limsup 4 / / dxdt < C\\f\\^ i , 



I Br 

Next we shall prove 

(6.18) liminf^ / / \Wu\'^ dxdt> c\\ff ^ 

and it will be sufficient to complete the proof of the theorem. 

In fact the proof of (6.18) can be done by exploiting the identity (6.1), where we 
choose the function tjj to be equal to the functions used in the proof of theorem 
1.2. 

Then the argument follows as in the proof of theorem 1.2 with some minor 
changes. In fact it is sufficient to replace proposition 3.1 with theorem 1.6, and to 
use (6.14) and (6.15) instead of (4.11) and (4.12). 

□ 



7. Appendix 

In order to make this paper self - contained we shall give in this appendix a 
result already presented in [2] . More precisely we shall prove the existence of a test 
function <p with suitable properties that has been extensively used along this paper. 

Proposition 7.1. Assume that n> 3, then there exists a radially symmetric func- 
tion 4> : R" R such that: 

(1) 0(0) = 5|,|<^(0) = and df^^m > 0; 

(2) for any x G R" we have 

< Va; e R"; 

(3) 9|,|0,92^|(/)>O V.TeR"\{0}; 

(4) there exists C > such that 

9|,|(/.,|x|4|</)<CVa:eR"; 

(5) the following limit exists 

lim Sixif/* € (0, oo). 

\x\—^oo 
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In particular we have: 

(7.1) |A0| < Va; G R", 

(7.2) VuD'^(j)Vu > C(|5|2^|m|2 + |VrM|^) Va: G R" s.t. \x\ < 1, 

and 

(7.3) VuD'^(j)Vu > C ' Va; G R" s.i. > 1, 

/or any function u. 
Proof. 

It is easy to show that (7.1) follows by writing the laplacian in polar coordinates, 
while (7.2) and (7.3) follow from the identity (4.17). 

Next wc shall focus on the construction of (j) that satisfies (1), (2), (3), (4). 
The main strategy is to solve the following equation: 

-A^cP = hr,{\x\) 

where 

(7-4) hrj{\x\) = X{\x\<l} + J^X{\x\>l} 

and 77 > is a suitable parameter that will be choosen later. 

The equation —A^(f) = hr, can be written in polar coordinates in the following 
equivalent way: 

By integrating directly this equation wc get: 

(7.5) drct> = -:^^ f^^^j\--'h{t)dt + Xr, 

where A G R is a generic number that will be choosen later. 
Next we split the proof in two cases. 

First case: n = 3 

Let us choose hr, as in (7.4) with = 0, in this way by an explicit integration we 
get: 

3 

5^0 = Ar - ^ V < r < 1 

^^^ = Ar+i4-^Vr>l. 

In particular if wc choose A = ^ then wc deduce that dr4' satisfies the desired 
assumptions. Moreover with the previous choice of A we have: 

a.'<^ = J - ^ V < r < 1 

5^0 = V r > 1. 
It is now easy to check that all the properties required to are fulfilled. 
Second case: n > 4 
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In this case we choose > in (7.4). The precise value of rj will be choosen 
later. 

An explicit integration of (7.5) gives: 

drd) = Xr- — — -rr V < r < 1 



dr(l> = Xr + 



2n{n + 2) 

(1 + 2r/)n - (3 + 6?? ) ^ 

(n-l)(n-3) 2n(n-2)(n-3) 



V 



-r — 



rjn — n + 3 



1 



2n(n-2)(n-3) r"-^ 



(1 - //);) ^ + (-.ill - + (11 + 4//);/,- - (12// + (>}n 



2n2(n - l)(n - 2)(n - 3)(n + 2) 
Notice that if we choose 

{l + 2r])n- (3 + 6r?) 



«n— 1 



V r > 1. 



(7.6) 

then we get 



A = 



2n(n- 2)(n- 3) 

3r2 



2n(n + 2) 
7777.-71 + 3 1 



V < r < 1 



+ 



2n(n - 2) r"-2 

(1 - //);/ ^ + (3;/ - ())//■"' + (11 + 4;/);r - (12;/ + (])n 



1 



V r > 1. 



2n2(7i- 2)(n- 3)(n + 2) 
It is easy to verify that all the properties required to 4> will be fulfilled provided 
that we can choose A and 77 that satisfy (7.6) and moreover 

3 



A > 



-, 7771 — 71 + 3 > 0, 



27l(7l + 2) 

(1 - 77)71^ + (37? - 6)71^ + (11 + 477)71^ - (1277 + 6)71 > 0, 

77 7771 — 71 + 3 



> 



+ 



(7i-l)(7i-3) 27i(7i- 2)(n- 3) 
(1 - ri)n^ + (377 - 6)7i3 + (11 + 477)71^ - (1277 + 6)71 



27l2(7Z - l)(7l - 2)(7l - 3)(7l + 2) 

Explicit computations show that the previous conditions are equivalent to look 
for a suit bale 77 > such that: 



Max 



77 — 3 



-2n^ + 877-6 



T? — 6n^ + II77 — 6 



' 773 - 2772 - 577 + 6 J ^ (77 - 2)(77 + 2)(77 - 3) ■ 



An elementary computation shows that 

-27i2 + 871-6 



— 27^2 — 571 + 6 
for n > 3, it is then enough to verify that 



< 



77 — 3 77"^ — 6772 + II77 — 6 

77 (77 - 2)(77 + 2)(77 - 3)' 

It is easy to verify that this condition is fulfilled for any 77 > 4. 



□ 
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